Abstract: We prove that every normal plane map, as well as every 3-polytope, has a path on three vertices whose degrees are bounded from above by one of the following triplets: $(3,3,\infty)$, $(3,4,11)$, $(3,7,6)$, $(3,10,4)$, $(3,15,3)$, $(4,4,9)$, $(6,4,8)$, $(7,4,7)$, and $(6,5,6)$. No parameter of this description can be improved, as shown by appropriate 3-polytopes .   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 
Introduction
A normal plane map (NPM) is a plane pseudograph in which loops and multiple edges are allowed, but the degree of each vertex and face is at least three. Let δ be the minimum vertex degree, and w k be the minimum degree sum of a path on k vertices in an NPM or a graph. The degree of a vertex v or a face f , that is the number of edges incident with v or f (loops and cut-edges are counted twice), is denoted by Already in 1904, Wernicke [14] proved that every NPM M 5 with δ(M 5 ) = 5 contains a 5-vertex adjacent to a 6 − -vertex, and Franklin [7] strengthened this to the existence of at least two 6 − -neighbors, which implies that M 5 satisfies w 3 ≤ 17. Franklin's bound 17 is precise, as shown by putting a vertex inside each face of the dodecahedron and joining it with the five boundary vertices.
It follows from Lebesgue's results in [12] that each normal plane map has an edge e = uw of weight w(e) = d(u) + d(w) at most 14 (more specifically, a (3, 11)-, or (4, 7)-, or (5, 6)-edge, where Theorem 1 (Ando, Iwasaki, Kaneko [1]) Every 3-polytope satisfies w 3 ≤ 21, which is sharp.
The sharpness of the bound w 3 ≤ 21 in Theorem 1 is witnessed by the Jendrol' construction [10] (see Fig. 5 below) .
Jendrol' [9] proves that each 3-polytope has a 3-path uvw such that max{d(u), d(v), d(w)} ≤ 15 (the bound is precise). Jendrol' [10] further shows that such a path must belong to one of ten types, in which
Theorem 2 ( [10] ) Every 3-polytope has a 3-path of one of the following types: (10, 3, 10), (7, 4, 7) , (6, 5, 6) , (3, 4, 15) , (3, 6, 11) , (3, 8, 5) , (3, 10, 3) , (4, 4, 11) , (4, 5, 7) , or (4, 7, 5) .
Note that the graphs of 3-polytopes are precisely the 3-connected planar graphs due to Steinitz's famous theorem [13] . The requirement of 3-connectedness is essential for the finiteness of w 3 , as shown by the construction K * 2,2t in Fig. 1 below. Borodin [6] showed that only the presence in a NPM of a (K 4 − e)-like configuration K * 2,4 , described as "two adjacent 3-vertices lying in two common 3-faces", is responsible for the unboundedness of w 3 in NPMs. The following refinement of Theorem 1 holds:
Theorem 3 ( [6] ) Every normal plane map without K * 2,4 has (i) either w 3 ≤ 18 or a vertex of degree ≤ 15 adjacent to two 3-vertices, and (ii) either w 3 ≤ 17 or w 2 ≤ 7.
As mentioned above, the bounds w 3 ≤ 21 and w 3 ≤ 17 are tight. It has been open whether the bound w 3 ≤ 18 in Theorem 3 is sharp or not; its sharpness now follows from Fig. 2 The bound 9 in Corollary 6 is sharp, as follows from Fig. 6 (Te) below.
The purpose of this paper is to precisely describe 3-paths in normal plane maps (in particular, in planar graphs G with δ(G) ≥ 3 and in 3-polytopes) as follows:
Theorem 7 Every normal plane map without two adjacent 3-vertices lying in two common 3-faces has a 3-path of one of the following types:
(T a) (3, 4, 11), (T b) (3, 7, 6), (T c) (3, 10, 4), (T d) (3, 15, 3), (T e) (4, 4, 9), (T f ) (6, 4, 8) , (T g) (7, 4, 7), (T h) (6, 5, 6) . Moreover, none of the options (T a)-(T h) can be strengthened or dropped, as shown by certain triangular 3-polytopes.
Corollary 8 Every planar graph has either a 2 − -vertex, or two adjacent 3-vertices, or a 3-path of one of the types (T a)-(T h) described in Theorem 7.
Corollary 9 Every 3-polytope has a 3-path of one of the types (T a)-(T h) described in Theorem 7.
Clearly, Theorem 7 extends or refines Franklin's Theorem, Theorem 1, and Corollaries 4 and 6.
The tightness of Theorem 7
The bounds in Theorem 7 are all tight and can be attained independently of each other, as the following examples show. In Fig. 1 , we see the graph K * 2,2t , in which every path of three vertices contains a vertex of degree 2t, where t can be arbitrarily large.
For each of the alternatives (Ta)-(Th) in Theorem 7, we present a triangulation (see Fig. 2-6 ) that contains only one type of 3-paths allowed in (Ta)-(Th) and such that all upper bounds on the degrees of the corresponding vertices are attained. For example, Fig. 2 contains only paths of type (3, 4, 11) among those appearing in Theorem 7. Moreover, these paths of type (3, 4, 11) are also (3, 4, 11)-paths. This proves that the bounds 4 and 11 are sharp in (Ta).
Proving the main statement of Theorem 7
Suppose that M is a counterexample to Theorem 7.
Constructing a triangular counterexample to Theorem 7
Let M be a counterexample on V (M ) with the greatest number of edges. From now on, by d(v) of v ∈ V (M ) we mean the degree of v in M . We abbreviate the clause "since M does not contain a path xyz such that 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 (4, 11, 5) or (4, 5, 11) . If d(a) ≥ 5 then d(c) ≥ 8 by (7, 4, 7)!, so we can create only paths of types (4, 6, 9) or (4, 9, 6). 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 
Discharging
Euler's formula |V | − |E| + |F | = 2 for M may be written as 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65 
Every vertex v contributes the charge µ(v) = d(v) − 6 to (1), so only the charges of 5 − -vertices are negative. Using the properties of M as a counterexample, we define a local redistribution of µ's, preserving their sum, such that the new charge µ (v) is non-negative for all v ∈ V . This will contradict the fact that the sum of the new charges is, by (1), equal to −12.
Throughout the paper, we denote the vertices adjacent to a vertex v in a cyclic order by
The rules of discharging are as follows (see Fig. 7 ): 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 To estimate the total expenditure of v by R2d, R3, and R4, we share each donation evenly among one, two or three nearest incident faces, respectively. Since every incident face then receives from v at most Fig 8(e) ). In fact, we save 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 v 3 cannot be poor. We see that v 4 cannot be poor as well since it is adjacent to three consecutive 7 + -vertices. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 
